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D=11 Supergravity
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The field equations of M-theory
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These are very simple equations just as much elegant as Einstein equations
themselves, with an incredible wealth of solutions . Their deep meaning so far no-
one has entirely appreciated. During the last 35 years these equations have
continued to reveal new unexpected aspects and new profound and surprising
connections.



M2-brane solutions

-
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Global Structure




The goal is eventually the holographic principle.
The 3D-gauge theories on the brane world-sheet
will inherit the discrete symmetries of the Englert
fluxes in the transverse space that produce the
supergravity solution

[T = discrete symmetry of y (3]

ENGLERT Englert Equation is the generalization to 3-forms in d=7 of BELTRAMI EQUATION
EQUATION holding on 1-forms in d=3
has an

ANCESTOR




Beltrami Equation

Let us review { * dY — ﬂY

what we
discovered
about

M2 branes
with
Arnold
Beltrami

fluxes

in 2015
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Euler equation of classical hydrodynamics

%u—l—u-Vuz—Vp : V-u=20

A flow is a smooth map from the time line to a

S Rt — Mg Riemannian manifold

The velocity field is a

Vi € R : ui(a:,t) 0; = U(t) c r(TM’ M) Zectidoln of the tangent
undle

vi e R: QU@) = gjju'(z, 1) da’ € T(TM, M)

Rewriting of Euler equations we obtain

—dH = 5,0l + i, . dQ!V] H=(p+3|UJ|?

If H depends on x € M, the streamlines occur on level surfaces H=const and are two-

0 = iy-dnlYl

dimensional. A necessary condition for chaos is



On a 3-torus

Beltrami Equation

- Arnold Theorem

There are only two possibilities

a) Either the form €Y1 is an eigenstate of the
Beltrami operator x4 d with a non vanishing

eigenvalue A =0

b) or the manifold M is subdivided into a finite
collection of cells, each of which admits a
foliation diffeomorphic to 72 x R and every
two-torus T2 is an invariant set with re-

spect to the action of the velocity field U: ‘

in other words, all trajectories lay on some
T2 immersed in the manifold M.

Two-dimensional
streamlines = no chaos




The cubic
lattice is
self —dual.
The rotation
subgroup of
invariance is
the octahedral
group
0.,

In the
momentum
lattice there
are 4 types

of orbits
under O,,

Y (X|F)

The cubic lattice The orbit of legth 6 The orbit of legth 8

The orbit of
length 24

The orbit of legth 12

Obtained by Fre & Sorin in 2014-2015

To each O, -orbit in momentum lattice of length r we associate a solution of
Beltrami equation depending on r parameters F and in one case on 2r

parameters F



From T3 to T/
—

V~y € Oonq @ YU ('y : 5{|F) = vl (fqmm : F)

octahedral rotations are

represented by linear

transformations of
parameters

Beltrami fields can be classified into

irreducible representations of O,,

We can use solutions of Beltrami Equation to produce solutions of Englert Equation
T = T30T% .
: [3] o N N
X, = &' (i,j,¢ = 1,2,3) Y /\le -
X = :Ca (CB,)B,’)/ — 4753677)

KN = J0dz® A dof
3 _ _HP~§[3
*T3dWA = /.LWA # *17 dy! ][W] = _ZY[ ][W]

Beltrami % Englert



- We need crystallography in d=7...

Before that it is convenient to study
supersymmetry

We can formulate the following general question:

How many supersymmetries are preserved by an M2-brane with
Englert fluxes?

The problem can be addressed in general terms wit a convenient
gamma matrix basis.



Gamma matrices
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Making a long story short

The number of
preserved
supersymmetries ,

1
[ [
L DE——TVIEL 46 — —Tapcar PPV e = 0
Killing spinor 24
equation 1
4 De = de — Zwabrabg
_1
O (a) o= ("0 )\
€2 O
Solution

H of SUSY charges = 2 x rank 8

in the d=3 sense,

is equal to the number
of

null eigenvectors

of the operator V



Englert fluxes built from Beltrami fluxes have too
much SUSY.....

We can easily prove that for solutions of Englert Equation coming from Beltrami
fields we always have

rank B > 4

We have to find 7-dimensional torii that do not split in 3+4

T7~R7
A

A must be a lattice with a crystallographic Point Group that has elements of maximum
order 7 not of maximum order 4. This consideration leads us to a remarkable choice
and to a miraculous maich



In 1879 Felix Klein studied....
-

The locus K4 C IPQ((C) cut by the quartic :E3 y + y3 z + Z3 r =0

The Klein quartic is a Hurwitz surface because it has genus g=3 and admits the maximal
number 84 X (g-1) of conformal automorphisms. The Hurwitz group of this surface was
derived by Klein and it is a simple group

Lieg = PSL(2,Z7)

fifteen years ago in a context of nuclear/atomic physics it was proved that:

Lies C Go(_14)

This gave me the inspiration that L,,s might be the Point Group of a
d=7 lattice A from which we might obtain N=1

M2-branes with Englert fluxes. It was just a hint but it came out to be
TRUE.




The Hurwitz group L,,q =PSL(2,7)
—

Presentation

Lies = (R,S,T | B* = S = 77 = RST = (TSR)* = e)

Conjugacy class Ci 1 Cy|C3| Cqp | Cg Co
Conjugacy representative of the class e R| S|TRS| T |SR
SLGESCE order of the elementsintheclass| 1 [ 2 [ 3| 4 1717
number of elementsin theclass | 1 |21 |56 | 42 |24 | 24
Representation | C1 | Co | C3 | C4 Cs Ce
D1 [Lies] 111111 1 1
De [L16s] 6| 2] 0] 0 —1 —1
Character D? [Ligz] s T-11 1 =1 0 0
Uelole Dg [L16s] 8, 0]-1]0 1 1
DAz [L16s] 3|-1/0| 1 |5(-14+iV7) 5(-1-iV7)
DB3[lieg] | 3 |-1| 0 | 1 |5(-1-iV7)|5(-1+iV7)




My little discovery

The group L, g is crystallographic in d=7. The lattice A is the root lattice of A,

| have found three integer valued 7x 7 matrices £.8,7 such that

) R2 =83 =77 = RST = (TSR)* = 1747

2) RICcR = 8Tcs = 7leT = ¢

(2 -1 0 0 0 0 0)
-1 2 -1 O 0 0 0
o -1 2 -1 0 0 0
C = O O -1 2 —-1 0 0 Cartan matrix of A,
0 0 o -1 2 -1 0
0 0 0 o -1 2 -1
\ 0 0 0O 0O 0 -1 2 )



For the interested ones.....

_
0 0 0 0 0 0 —1)\ (00 0 0 0 0 -1}
O 0 0 0 0O -1 0 1 6 0 0 0 0 -1
0 0 -11 0 -1 0 10 0 -11 0 -1
R = O -1 0 1 0 -1 O S = 1 0 -1 0 1 0 -1
O -1 01 -1 0 O 1 0 -1 0 1 -1 O
O -1 0 0 0O O O 1 0 -1 0 0 O 0
\-1 0 0 0 0 0 O \1 -1 0 0 0 0 O )
( 000O0O0 —1 1) From these generators one reconstructs all
1 0000 -1 1 the 168 elements of the group and, of course, they are
01 000 —-11 all integer valued and respect the A, Cartan matrix.
T = 00100 -11 Obviously, by duality, the group has a
00010 —-11 crystallographic action also on the dual lattice namely
00001 -11 on the A, weight lattice.
\0 0000 0 1)

— p q r
Where ¢, are the octonionic structure Pijk — (R)'L (R)] (R)k Ppqr
constants transformed to the lattice basis. Pijk = (S)Zp (S)Jq (S)kr Cpar

(T)q;p (T)jq (T)kr Ypqr

This proves that L5 is a subgroup of
compact G,

Pijk



Solutions of Englert Equation from
weight lattice orbits

]
ds37; = C;;dX' ®dX’ = §;jdz" ® da’ r = MX
Periodicity on the lattice imposes the following expansion
Y8l = 3 (v (k) cos[27k - X] + wyjp (k) sin[27k - X]) dX' A dXT A dXF

keO
= Viin(X)dX' A dX7 AdXF = Yijp(x) dat A da? A da®

Englert Equation reduces to a linear algebraic equation on coefficients

/ fmn o u
- | p2o= wP kP k(2= kekm (€7
g IJ/ _ -1 Im L -1 {m .
V det C ezjk mnp k’g W’mnp s _ U@jk 0 (C ) kevzjm (C ) k‘gwmm

Counting parameters minus constraints we find that each solution contains:

# of parameters =20 X (# of k in the orbit 0)




We need to classify weight lattice

orbits
—

This is equivalent to the classification of conjugacy classes of subgroups of L,

My findings about the available L, 4-orbits in the weight lattice are summarized below

1. Orbits of length 8 (one parameter n; stability subgroup H, = G,,)

2. Orbits of length 14 (two types A & B) (one parameter n; stability subgroup H, = T, ,, §)
3. Orbits of length 28 (one parameter n ; stability subgroup H, = Dih;)

4. Orbits of length 42 (one parameter n; stability subgroup H, = Z,) )

5. Orbits of length 56 (three parameters n,m,p; stability subgroup H, = Z,)

6. Orbits of length 84 (three parameters n,m,p; stability subgroup H, = Z,)

7. Generic orbits of length 168 (seven parameters stability subgroup H_ = 1)

T1o = tetrahedral group This is the analogue of the classification of
Dih,, = dihedral group of type n octahedral symmetric polyhedric figures in
" =

the cubic lattice.
G21 = Z3 X ZT



The maximal subgroup G,,

Presentation

Conjugacy
classes

character
table

3 _ 7 _ A2

x> =) = , XY =YX
ConjugacyClass Ch | Ch C3 Cy | Cs
representative of the class e | Y | X2VX)V? | YAx2| X
order of the elements in theclass| 1 | 7 7 3 3
number of elements in the class | 1 | 3 3 7 7

0 e 3% X2Yyxy-? YX“ X

D1[Goq] |1 1 1 1 1
DX1 [Gp1] | 1 1 1 —(—DY3] (-1)%/3
DY [Go1] | 1 1 1 (—1)%/3 | —(-1)1/3

DA3[Gp1] | 3| 3i(i+V7) |—3i(—i+V7) 0 0

DB3[Go1] | 3| —5i (—i+V7) | 5i(i+V7) 0 0




Construction of a G,, invariant Englert

flux
]
-1 1 0 O O O O
O -1 1 0 0O O O
O 0 -1 1 0o 0 O
Oz=| 0 0 0 0 -1 1 0 G,, orbit of 7 vectors in the weight lattice
o 0 o0 o0 o0 -1 1
o O O O o0 0 -1
\1 0 0 0 0 0 O
A = {dX1 A dXy A dX3,dXq A dXo AdXg, ..., dX5 A dXg A dX7} = {Ag}, (4=1,...,35)
[ Cos [27X1]
The solution has the form Cos [27 (= X1 + X?2)]
Cos [271’ (—X2 + X3)]
14 35 Cos [271’ (—X3 + X4)]
— Cos [27 (— X5 + X¢6)]
Y(XIF) afz—:l qg:l Soo (F) Bg X Ja(X) Cos [273(7] i
AT _ | Cos[2n(—Xp + X7)]
fa(X) = Sin[2rXq]
Sin [27r (—Xl + XQ)]
: I Sin [27 (= X5 + X3)]
where €4q(F') are linear combinations of the 140 oin [27r(—X§ T Xj)]
parameters F, Sin [27 (- X5 + Xg)]
—Sin [27X7]

\ Sin[27 (—Xg + X7)]




Decomposition into irreps
—

D140 [G21] = 8D [Go1] ® 20DA3[Go1] ® 20DB3[Go1] ® 6 DX1 [Go1] ® 6 DY [Go1]

4

Hence there is a G,, invariant Englert 3-form depending on 8 moduli ¥ ={ vy}

Transforming to the orthogonal basis and considering the operator

— S
B(x|¥) = ) Y5 (x[¥) 71
17k
We find that it has generically rank 8. There are however 4 constraints

that reduce its rank to 7 and they are unique.
Further reduction of the rank is not possible.

Hence we have found a 4-parameter N=1 M2-brane solution with Englert fluxes
that is exactly invariant against the non abelian group G,,



A taste of the solution.....

N=1 SRS N=1
YT (XW)) — § : § : Q:qoz_ (77[)) dq X fOé(X)
a=1qg=1
d = {dxi Adxp Adxa, dxg A dxa Adxy, ..., dxs Adxe Adxr} = {dg}
( Cua[ﬁT(‘—rL——mL——mL—F—m'—)] .
V2 2v2 2v2 T 2V2 . . A=1 ¢ ;
oz mn e w The coefficients ¢V = are linear

CUL’P'(_—V”%_Qﬁ_z_ﬁE—Fzﬁ)] ol U,bj

Cos |27 (22 4 25— 2o _ =2 L
i [)”% 2(»:’5 v Szﬁ)]m combinations of the 4 parameters y, , 5,
‘os 2w ([ —Z2 4 I 4 ZEE _ /Org — ,2,3,

W 2 242 242 242
Clos %2;— (--;% — e S :TE)] but displaying them is too much ponderous
Cos |27 2 — 2 — 2 .2
7 22 247 22
i) = Cos F’ ETisTinaTons They considerably simplify in the points

Sin |27 %—;—:’5—%—1-2% B |

Sin [Qﬂ'(—'—rlz- — 2—$ﬁ — ;—ﬁ—ﬁ + ;\;}E)] P = {-;”1 = 1.1 = =109 = =2,y = ]_}

Sin |27 [ £ 4 e — A — AT — , . . 1
; | (" L ﬁﬁ)]w_ Py = {%“1 =L =—-lts=7 Uy= 1}
in [2".‘ _T—’_ﬂ\:ﬁ—i_wi_v‘?‘lﬁ_g\}i 2

There we can explicitly calculate the warp

\ Sin ['.Z'?r (”—f + o+ g m)] factor.



Non linear structure in d=3
e

W) =

21Cos [z.ﬁni] + 21C0s [Qvﬁﬂﬂ:g] + 21C0s [ivf_m,,] +21C0s [vﬂr(zl —xy —xg — ::33]

+21C0s= [v"’i‘n’(:l + ¥y — 2y —Fgl| + 21 C08 [t.-"'_'rl:rg + 1q + Ty — 13]] —+ 21 Cos [V'_Tl::rg — g — Ty + 1‘3)] + 21 Cos [V"_*JTI:11 — Ty + ¥y +1'3:|]
+21Cas [ﬁﬂl:tl + 2y + s + 5] | + 21Cas [y"—irl::i i T —T‘,r:l] + 21 Cos [ a7 {2y + 7o + T8 — :I:-;:I] + 21 Cos [s,"'_'rl:rg . —TT:I]

+21CDE[YE‘]TI:I-3 + x4y — T —1'-;)] + 21 0= [v"_TI:Tj_ — x5 + rg — I-;:I] +21C35[y"—11'|::|:1 —xg — Ty +T‘r:|] + 21 Cos [V‘_Tl:i'j_ + g — »p +:|:-;:|:|
+21C.‘-:ns[~,-"'§11'|:13 — ¥4 + ®n +T‘r:I] + 21Cos [V'_irl::3+:r4 + @5 +T‘r:|] + 21 Cos [V"_*n'l:zi —+ xa — ®@ +:r*r:|] + 21 Cos [V'_Tl:rg — 4 + 8 + I'r:l]

421C0s [v’iﬂ(:g+r4+ra + Tv) V'_Sln[ﬂv"_frri'l] — TSin [w’_ﬂrr::g] VTsin [zv’_-ru] — /Tsin [V"—ﬂﬂ::l g — 7 —:33]
+/78in [V2r (x4 + 24 — 75 — 76)| — VTSin [VIr (22 + 23 + 75 — 76)| — VTSin [VEr(zz — za — 2o + 76)]

4/ T8in [v'_':rl::ti — T4+ 25 +:rg:|] —ﬁsm[ﬁm:i + x4 + 25 +=33] — /T8in [q’ixui — Ty 4y — :-;]]

++/78in [V'_Tr(—i'1 +rg 4wy — :?J] — 7sin [w"i:rul + g+ g — :?J] +ﬁsm[v"§r::g g — g — :?3]

++/T5in [t,"'_‘]TI:Ig +rg— g —:?J] +~,-"_Sin[y"_1r|:11 —xg + g —a--ry]

++/TSin [ﬁr::i + s —::n+:r=r:|] + v TSin [v"_Tii'g—:u+T:.+:-;j]+v’_51n[v’_ri:3+i'4+::n.+i'-;:|]

—+/78in [v'_'rlii'1+m —:fs+::';:|] +'T8in [v'_irim T +IB+T‘r:I] + +7=in [v"_'rlirz+n + e+ ::'r]] {9.27)
16
H(U,z) = a — 22684V147U 4 ?64\/1471-[] W(x)

The supersymmetric d=3 theory has clearly complicated non linear interactions
governed by its discrete symmetry...........



M2-branes

N=1 Theory in D=3 with discrete
symmetry G,,

We have discovered supersymmetric M2 —branes with Englert fluxes and singled out a
challenging new crystallographic system in d=7

The game has just only started. We have now to analyse the very rich
consequences of these constructions. There are many open questions



Just some of the open questions

Which invariants discriminate among supersymmetric and
non supersymmetric moduli?¢

What might we obtain from higher orbits?

Can we associate Polyhedra to the PSL(2,7) orbits in the
weight lattice?

What is the relation with the Klein Quartic?

Can we relate our crystallographic constructions to G,-
manifolds?

How to use the discrete symmetry in the calculation of d=3
quantum correlators?
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THANK YOU VERY MUCH
FOR YOUR ATTENTION




