Extremal Black Holes,
Nilpotent Orbits and
Tits Satake Universality classes

Based on work in collaboration with A. Sorin



D=4 Supergravity
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Under rotating extremal black holes

ds® = — exp|[U] (dt+A[KK]>2 + exp[-U)dz* ® da’ §;

Generic Static Solutions

ds? = — exp[U] (dt+AU"K])2 + exp[-U]dz! ® da? ~;;(x)



Sigma model representation
of static solutions
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D=3 scalars
» Generic N=2
warp factor U(x) 1 1
Taub Nut field a(x) 1 1
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Oxidation
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To any solution of the euclidian sigma model field equations we can associate
a static solution of Supergravity and all static solutions are retrieved in this way.

The charges are defined by integration on all non trivial homology two-spheres
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Already
w1 Two Main Results
Nicolai et al

|.  Afinite, four step algorithm that constructs the generic
supergravity solution associated with every nilpotent orbit:
‘ Nilpotent algebra associated with {h,X,Y}

Harmonic function parametrization of the coset representative in the
symmetric gauge

QOd ¢) Universal formula for the transition to the triangular gauge

d) Extraction of the supergravity fields from the triangular coset
representative.

Reduction to the Tits Satake subalgebra and organization of
supergravity models in a finite list of TS universality classes.
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Nilpotent orbits & subalgebras

The standard triple

[h, X| = 2X ; [h,Y] = —-2Y ; 1X,Y]| = 24
The nilpotent algebra
[ha CM] = /’LC,U
N = Spdan [CQ, 03, v o e 9 Cmag;]
Nk = NOK* ; U= HoK*
Symmetric Coset representative
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Hierarchical integration
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This is the brilliant result of Bossard et al .............

However from the symmmetric coset we cannot extract the supergravity fields

We need to transform the symmetric coset to the TRIANGULAR GAUGE!



General formula for the solvable gauge

representative
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Extraction of the supergravity fields

L(®) = exp |-aLE| exp [v2 2" Wy | La(4) exp |U L§]

Universal decomposition of the D=3 Lie algebra

adj(Up=3) = adj(Up=4) ® adj(sl(2,R) ) ® Wo w)



Example of solution in the non BPS
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All the fields are parametrerized in terms of two harmonic functions
Assigning the position of the
poles we have multicenter non spherical symmetric solutions




Structure of the algebras and
Tits Satake projection

The non compact rank of a non compact coset is defined as

rne = rank (U/H) = dim H™ If the Cartan subalgebra contains
i o also compact elements U/H is non
H™ ™ = CSAU(C) ﬂ K maximally split

Tits Satake is a geometrical projection of the '—ITS
Root system on its non compact subspace '
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Concept of Paint Group (P.F.

VanProeyen, Rulik, Trigiante
2007)

Aut {Sol'z!U/H}
SO['UU/H

Gpaint — AUtExt [SOI’UU/H} -

The Tits Satke projection commutes with the dimensional reduction

adj(Up=3) = adj(Up=4) ®adj(sl(2,R)g) & W w)
Y

adj(UL2. ;) adj(ULZ,) ® adi(sl(2,R) g) ® W, yp1sy



Reduction to TS

* A careful group theoretical analysis reveals
that in the adjoint rep. of U,_; we have always
enough parameters to reduce charges and
fields to the Tits Satake subalgebra.

e Essentially we can delete entire
representations of the subpaint group.

t € Gsuppaint € Gpaint C U & t, Grs] = 0




